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In this supplement of Brécheteau (2025), we come back to the resuts of
Christensen (1970) relative to the unicity of the uniform measure and to the
determination of measures by its values on balls. Then we provide additional
discriminative results for the DTM-signatures, compute the signature of the
uniform distribution for the torus, the sphere and the Bolza surface and define
and discuss properties of median signatures. We provide additional numeri-
cal illustrations as well as technical details for simulations, including details
on the Monte Carlo estimators of Wasserstein signatures, details on the gen-
eration of samples from the uniform distribution on hyperbolic spaces and
from (mixtures of) normal distributions on general Riemanian manifolds. We
finally give the proofs of the results of the main paper Brécheteau (2025) and
of this supplement.

S.1. On the unicity of the uniform measure and on the determination of measures
by their values on balls. The question to know whether or not measures are determined
by their values on balls is non trivial Christensen (1980). Measures are determined by their
values on balls in Banach spaces Preiss and TiSer (1991) after Hoffmann-Jg rgensen (1975);
Dinger (1986), and more specifically in Euclidean spaces Zeleny (2000), and for more gen-
eral spaces Buet and Leonardi (2016), but not on any compact metric space Davies (1971);
Keleti and Preiss (2000). Counter-example in Davies (1971) uses the link with the problem
of finding for every ¢, > 0, disjointed closed balls Sy, ..., Sy with radius not exceeding
and such that p(2°\ Uévzl Sj) <e.

The unicity of uniform and hg-uniform Borel probability measures, when it exists. This is
given by Theorem S.1.1.

THEOREM S.1.1 (Christensen (1970)). For any compact metric space (2 ,d), an ho-
uniform measure L, if it exists, is unique. Indeed, for every p,v € 2 (Z"), if u and v coin-
cide on balls, i.e. satisfy (1.1) or (1.2) from Brécheteau (2025) for some hg > lo, then p=v.

Moreover, assuming the existence of an hy-uniform measure p, if v € 2 (%) is such that
for some sequence (1,)nen of RY. converging to 0,

(S.1.1) Vee Z,VneN, v(B(x,r,)) = po(B(x,r)),

then, v = pyg.

The proof of Theorem S.1.1 is available in Section S.6.1.1. This result is a consequence
of the more general result of Christensen (1970), that states that for metric spaces for which
there exists a quasi-uniform probability measure, measures are determined by their values on
balls with radius smaller than a fixed radius. We write the proof when (.27, d) is compact, but
the result of Christensen (1970) is more general. This is Theorem S.1.2.



DEFINITION S.1.1. A quasi-uniform Borel probability measure 1y on a compact metric
space (Z,d) is a Borel probability measure so that:

po (B(z,€))
1o (B(y, €))

THEOREM S.1.2 (Christensen (1970)). If (Z°,d) is a compact Polish space for which
there exists a quasi-uniform Borel probability measure L, then, for every Borel probability
measures |1 and v, for every €y > 0,

(S.1.3) w(B(x,€)) =v(B(z,¢)), Ve e Z,V0<e<en=pu=v.

(§.1.2) lim sup ‘

— 1‘ =0.
E_)Ox,yeﬁf

The proof of Theorem S.1.2 is inspired from the proof of Theorem S.1.1. It is available in
Section S.6.1.2. Consequently, on such metric spaces, measures with the same DTM func-
tions for every parameter h € [0, ho| for some hg > 0, coincide.

S.2. Signatures - Supplement.

S.2.1. Additional discriminative properties of DTM-signatures. We consider the set of
values h € [0, 1] for which the DTM-signature with parameter h characterises the uniform
distribution,

.21 (L) = {h € [0,1], Y € P(X), sn(11) = sn(pio) = o = o}
In general, for .# C Z(Z"), we define
(5.2.2) (M) ={he|0,1],Vue A, sp(1) = sn(p0) = p=po},

so that 7(2") = (P (Z)).

Tests for uniformity based on a DTM-signature with parameter h € ¢ (2") or J ()
are powerful, c.f. Section 3.1.1 in Brécheteau (2025). The set . (.#') is not empty when
A is a set of measures with support different to 2", as noticed in Proposition S.2.1 and
Proposition S.2.2. This is also the case for discrete homogeneous compact sets, as noticed
in Proposition S.2.3. However, in this case, the set .7°(.2") does not coincide with [0, 1], as
noticed in Proposition S.2.4.

It means that for measures with support different to 2", all DTM-signatures are discrim-
inative, provided that the parameter A is small enough. For discrete spaces, this is also the
case, for parameters h not too small.

Notice that some of these examples are inspired from Brécheteau (2019) that provide ex-
amples for which signatures are discriminative between two different metric measure spaces.

S.2.1.1. On continuous spaces. The DTM signature for small parameters h discriminate
measures with support different to 2, from the uniform measure 1:

PROPOSITION S.2.1.  Let € > 0. For every pp € Z( "), if du(Supp(p), Z°) > €, then:

(8.2.3) Vh < h(e), sn(p) # sn(to),

where dyy is the Hausdorff distance, so that

(5.2.4) du(A, Z7) = sup inf d(x,y) = sup d(z, A)
ze2 YeA T€X

and h(e) = po(B(z,€)).
In particular, 7 ({p € 2(Z"), du(Supp(p), Z) >€)}) D [0, h(e)].
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The proof of Proposition S.2.1 is available in Section S.6.2.1.

More precisely, for a measure with constant density with respect to o on its support, we
get the following lower bound for the distance between its DTM-signature and the DTM-
signature of p.

PROPOSITION S.2.2. Leth € (0,1) andl € (0,1). Let j; € (Z") be a Borel probabil-
ity measure supported on Supp(u;) C 2, with density mlsupp(uz) = ﬁlsupp(ul)
with respect to po. Let Ayp — {x € 2 | B(z,rpa—y) C Supp()}, with rpa_yy =
Opuo,n(1=1) (T) for all x € 2, the radius of a ball with jig-mass h(1 — 1), as defined in (2.2).
Then, for dj, and dj,(1—;) the constant values of the DTM to the uniform measure 1o with
respective parameters h and h(1 — 1), as defined in (2.5), we have that

1
(8.2.5) Wilsn(p), sn(m0)) 2 7—10(Aun)ldn = dna—| ~i-0 Ho(ALp)Crl,

where C}, is a non negative constant that depends on h only, equal to 0 if and only if Z" is
discrete with h < |715\ and where we recall that jo(A;p,) € [0, 1].

The proof of Proposition S.2.2 is available in Section S.6.2.2.

S.2.1.2. Ondiscrete spaces. In the following, we denote by 0 = dy < ds < ... < dy the
sorted distances of a point € 2 to other points in .2". We recall that this sequence does
not depend on x € 27, as noticed in Section 2.1.1 in Brécheteau (2025). Indeed, since g is
uniform on 2":

1
(5.2.6) Vee 2, o(Bayr,) = pno({z}) = 7
for r1 = min{d(z,y), z,y € Z,x # y}. For every r > ry, puo(Bz,) > ITQX\ so that
d(z,x1(x)) = ry forevery x € 2. We conclude by induction. In particular, ds is the minimal
distance between two distinct elements of 2" and dy = Z(2") is the diameter of 2.

PROPOSITION S.2.3. If 2" is a discrete space with cardinality N, then 7€ (Z") is of
non empty interior. In particular [+, "] C (X, where k= |{j € {2... N}, d; = da}|
is the number of points in 2" \{x} at minimal distance to a point x € Z .

L@]
NN b

Wi (s 00) (o) 2 23 (\/ L \/1 . Nlh)

z, n({z}) <%

Moreover, for every h € [

d
> ﬁdTV(IMMO)'

where drv (g, o) = 3 Yo [11({z}) — po({z})| denotes the Total Variation distance be-
tween | and L.

It implies that the Li-Wasserstein distance to the signature of g is lower bounded by
Wasserstein distances to L

d
(S.2.7) Wi (sn (1), sn(po)) > mwmm
and

d
(S:2.8) Wi (s1(1), $0(110)) = 5o W1 (1 o)

— 2Nhdy



The proof of Proposition S.2.3 is available in Section S.6.2.3.

Note that for discrete spaces, Proposition 2.3 in Brécheteau (2025) is a consequence of
Proposition S.2.3.

DTM-signatures do not characterise uniform distributions for every values of h € [0, 1].

PROPOSITION S.2.4. If 2 is a discrete space with cardinality N, then 7€ (2 )¢ is of
non empty interior. In particular [0, %) CH(Z)".

The proof of Proposition S.2.4 is available in Section S.6.2.4.

We conclude with additional examples on discrete spaces. For a discrete metric space
with cardinality N = 3, symmetry properties imply that the distance to the second and third
nearest neighbour in 2" are equal: ds = d3. Therefore, according to Proposition S.2.3 and
Proposition S.2.4, # = [, 1]. However, when N > 4, # # [+, 1] in general. Indeed, con-
sider the metric space 2 of cardinality N =4, so that ds =ds =1 and dy = V/2. Consider
the measure p that puts masses %, é, é, é to elements of 2~ so that the second and third
nearest neighbours of each point have the same mass. Then, u satisfies s1 () = s1(po) = 01,

01,1 2.01_1,1 2.01_1,1 201 _1_+2
Slnceé+6+\/§ Xg—g—i-g—f—\/i X6—1+Z+\/§ Xz—l—l

S.2.1.3. Example of two different measures with the same barycenter signature. In this
section, we give the example of two different measures based on geodesics that do have the
same non-trivial barycenter signature.

EXAMPLE S.2.1.  Letd,, , and ad,,  + (1 —«a)d,. . be two measuresin P (P,(Z)),

. 1 1
for some o € (0,1); where pigzn = =3 0" 0z, (resp. fiyn = 7> i q 0y, and ji., =
%E?:l 0z, ) for (xi)1<i<n (resp. (Yi)i<i<n and (z;)1<i<n), n aligned points on a geodesic,
so that two consecutive points are at a distance to each other equal to € (resp. ie and
2(+€) and where € is small enough so that two consecutive points are nearest neigh-

bours. The barycenter signatures coincide for the parameter h = = since d,,,  n(z;) = %e,
dy, . n(xi) = \}52(16 and d,,, , n(x;) = \f?( efor every 1 <i<mn, so that 500, .,.) =
sh(fen) = 5% and 5p,(ady, , + (1 — a)éum) =4, adter(l-a) L yriee = =31(0u,.,.)-

S.2.2. Signatures computation on classical examples. In this section, we provide exam-
ples of Riemannian manifolds for which an hg-uniform measure p exists. Then, we compute
the DTM-signature to pi0, using (2.1) in Brécheteau (2025). This requires computation of j-
measures of balls.

S.2.2.1. Basic definitions on Riemannian manifolds. A Riemannian manifold (A ,G)
with dimension d € IN* is a pair comprising a smooth (connected) d-dimensional differen-
tiable manifold .# and a (smooth) Riemannian metric G = (G(x)),ec.». The Riemannian
metric G(x) is defined on the tangent space T,(.#) and depends (smoothly) on the point
x € . In local coordinates, G(x) = (G} ;)i<ij<d is a positive-definite symmetric ma-
trix such that if v € T,,(.#) has coordinates v = (v;(z))1<i<a, then [[v]|2 = G(z)(v,v) =
i X Gagui()oy (@),

A Riemannian manifold is a metric space (2" = .#,d) with a metric d called Riemannian
distance. X I'(A ,x,y) ={v:[0,1] — A, piecewise €', v(0) =z, (1) = y} denotes the
set of rectifiable paths between x and y in ., if [(~y ft o 17 (@)l (»dt denotes the length
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of a path v € I'(.#,x,y) (where %(¢) is the tangent vector at time ¢), then, the geodesic
distance d(z,y) is defined as the length of the smallest path (a geodesic path) between z and
y: d(l‘, y) = infvEF(k//,ac,y) l(’}/)

The injectivity radius of (.#,G) is defined as half of the smallest length of a non trivial
path from a point x € . to itself: .7 (.#) = %infze/// infyer( s o2) 2 (tma) L(7)- Equiva-
lently, .% (.#) is the maximal value r so that, for every point in .#, the geodesic ball with
radius r has no double point.

The Riemannian measure is defined in local coordinates as the Borel measure with den-
sity with respect to the Lebesgue measure given by +/det(G(z)). For compact manifolds,
we renormalise this density so that pg is a probability measure. If the Riemannian measure
is always quasi-uniform, in the sense of Definition S.1.1 Christensen (1970), for special ex-
amples of Riemannian manifolds, the Riemanian measure is uniform. This is the case of
connected homogeneous Riemannian manifolds Chavel (2006), that is connected Rieman-
nian manifolds with the property that the group of isometries of (.7, G) acts transitively on
A , that is, if to each x,y € ., there exists an isometry ¢ of (.#Z,G), such that ¢(z) = y.
By isometry of (.#,G), we mean a diffeomorphism ¢ that is isometric in the sense that
G(z)(v,w) = G(p(x)) (s (v), dx(w)), where ¢y : T.# — T4 denotes the induced bundle
map (in local coordinates, the Jacobian linear transformation) linear on each fiber. Chavel
(2006) Such an isometry is also an isometry for the geodesic distance d and preserves vol-
umes of balls.

S.2.2.2. Examples of computations of sampling and barycenter signatures. In this sec-
tion, we first display the sampling (true) signatures together with the barycenter signatures
based on Monte-Carlo simulations, for the unit circle $', the sphere $2, the flat torus T2
and the Bolza surface B. Then, we provide the values of the true signatures for these four
examples.

Quantiles of signatures of 119, sp(1t0) and of barycenters of signatures, 5,("o,,), for n €
{20,50,100,1000} obtained by Monte-Carlo approximation with 10000 samples (100 for
the Bolza surface), are available in Figure S.1. This figure illustrates the convergence of the
barycenter of signatures to the signature of 119 when n goes to oo, as noticed in Proposition
2.7 in Brécheteau (2025).

Quantiles of barycenter signatures 5, ("o ,) and of signatures based on 20 n-samples on
the circle, 5p,(fto,n), for n € {20,50,100,1000}, are available in Figure S.2. This figure il-
lustrates how the variance of the quantile signatures around their barycenter decreases when
the sample size n increases, and when the parameter h decreases.

S.2.2.2.1. The circle $'. The circle
81 = {pp = (Rcosh, Rsinfh), § € R}
~R/Z,

with radius R > 0, equipped with the metric G(py) (v, w) = R*vw forevery # € R and v, w €
R, is an homogeneous Riemannian manifold. For every 61,05 € R, an isometry ¢ of S}z SO
that ¢(pg, ) = pe, is given by ¢(pg) — po+e,—¢, - Its geodesic distance is

(S.2.9) d(po, , pe,) = Rmin(|6 — 62, (61 + 1 — 03], |61 — b2 — 1]),

for 01,05 € [0,27]'. Moreover, its Riemannian probability measure is

po(B) = 5 Leb({6 € [0,2x], po € BY)

1 .
We consider the three paths ¢ — Pt(03—01)+61° t— Pt(02—61 1)+, +1 and t — Pt(03—0+1)+0,—1-
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FI1G S.2. Barycenter signatures for the circle

for every Borel set B of $},, where Leb denotes the Lebesgue measure on R.
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PROPOSITION S.2.5. For every h € [0,1], the radius of a ball with pg-measure h is
0,0,n = WRh. Moreover, sp,(po) = da, with dj, = \/gﬂ'Rh.

The proof of Proposition S.2.5 is available in Appendix S.6.2.5.

S.2.2.2.2. The sphere $2. The sphere
2 ={(z,y,2) eR3, 2?2 +9° + 2> =1}
= {pp,¢ = (cos§,sinf cos ¢,sinfsin @), (0, ¢) € RQ},

in spherical coordinates, equipped with the metric G(pg,) (v, w) = vowp + sin’(0)vywg for
every (¢,0) € R? and v = (vg,vy),w = (wp,we) € R?, is an homogeneous Riemannian
manifold. Isometries are given by rotations, in SO3(IR), that act transitively on $2. The
geodesic distance is

(5.2.10) d(Po, 41> P02,0,) = axccos((po, g, Pos.2));
that is,
(S.2.11) d(pg, ¢, +P6,,4,) = arccos (cos b cos Oz + sin by sin Oy cos(p1 — ¢2))

for every pairs (61, ¢1), (62, ¢2) € R? .2 The Riemannian probability measure is

1 s 2
(S.2.12) ,u,o(B) = / / ﬂB(pg,Qs) sin Hded(b
AT Jo—o Jg—0

for every Borel set B of $°.

PROPOSITION S.2.6.  Forevery h € (0,1, the radius of a ball with py-measure h is rj, ==
Opuo,h, = arccos (1 — 2h) if h < 4, and vy, = 0,,, , = T — arccos(2h — 1) if h > 1. Moreover,
3h(M0> = 5dh with

1
(S.2.13) dy, = \/Qh (=12 cos(rp) + 2rp, sin(ry,) + 2 cos(ry) — 2).

The proof of Proposition S.2.6 is available in Appendix S.6.2.6.

S.2.2.2.3. The flat torus T?. The flat torus
T? =R?/7?
={p=(z modl,y mod1),(z,y)eR,

equipped with the metric G(p) (v, w) = vyw, + vyw, for every p € T? and v = (vg, vy), w =
(wy,wy) € R?, is an homogeneous Riemannian manifold. For every p1, p2 € T2, an isometry
that sends p; to ps is given by ¢ : p € T? — p — p; + pa. The geodesic distance is given by

d2(p1,p2) =min(|z; — x|, |x1 — 22 — 1], |21 — 22 + 1|)2

+min(|y1 — yal, [y1 — y2 — 1], [y1 — y2 + 1])?

%For instance, for = g the geodesic distance is obtained with the path (’Yt)ogtgl given by v =
PT t(pa—1)+¢1- THENs [l = 0+ sin G b — 1] = |d2 — d1l, thus, d(pz 4,1 o)) = [$2 — d1| =

2 s 2
arccos (cos 5 +sin” § cos(¢1 — ¢2))~
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for py,po € T2. The Riemannian probability measure is
(S.2.14) po(B) = Leb({(x,y) € [0,1]%, (2,y) € B}),
where Leb is the Lebesgue measure on R2, for every Borel set B of T2.

The injectivity radius of the flat Torus T2 is given by .# (T?) = 0.5, since the geodesic
v = (t,0), for ¢t € [0,1] is of length 1, with v =~ = (0,0), and no geodesic curve has a
smaller length.

PROPOSITION S.2.7.  For every h < § ~0.7854 so that \/g < Z(T?) = 0.5, the radius
of a ball with jio-measure h is 0,,, j, = \/g Moreover, sy, (o) = 04, with
h

(8.2.15) dy =1/ —.
2

The proof of Proposition S.2.7 is available in Appendix S.6.2.7.

S.2.2.2.4. The Bolza surface B in the Poincaré disk. The Poincaré disk is
D? ={z+iy € C, z,y € R,a® +y> <1},

Ve We +Vy Wy
(1_$2_y2)2
D? and v = (vg,vy),w = (wy, wy) € R? (Bonahon, 2009, Section 2.7), is an homogeneous

equipped with the Riemannian metric G(x + iy)(v,w) =4 for every x + iy €

Riemannian manifold. Isometries of ID? are given by ¢ : p € D? — %‘Z—ig with o, 8 € ©C
so that |a|? — |32 = 1 (Bonahon, 2009, Proposition 2.23), with inverse given by ¢! : ¢ €

D? — %faﬁ. For every p € D?, setting & = —~—— and /3 = —ap provides an isometry

v 1-Ip?

2|lp1 — p2? )
(L= 1palI®)(X = Ip2[1?)

for p1, p2 € D?3. The Riemannian measure is fig given by

4
(8.2.17) o(B :/ / 1g((z,y))l2q2c1—————dady
0( ) oCR yER (( )) +y <1 (1 _ .%'2 - y2)2

and equivalently, by

that sends p to 0. The geodesic distance is

(S.2.16) d(p1,p2) = argch <1 +

1 2
(S.2.18) fio(B) = / / 15((r cos(a),rsin(a))L”drde,
r=0J6=0 (1 -r )

for every Borel set B of ID?. The measure /ig is not a probability measure since D? is not
compact.

In order to get a compact Riemannian manifold from D?, we identify points in D? that
are equal up to a transformation of the Fuchsian group of isometries* of ID? which generator
elements (f)1<k<s are given by:

8.2.19 = e (z+¢§>\/ﬁw) |
( ) fk <(2+\/§)\/ﬁ6_14‘" 14+/2

3In particular, if p; = ?1v and py = t9v are aligned along some vector v € D2" and 0 <ty <t9 <1, then,
d(p1,p2) =2 (argth(tz) — argth(t1)).

“The maps z — fr(z)= %f%gk with o, = (f)1.1 and B, = (fy,)1.2 are isometries of D2, since |ak|2 —
k k b b
2
1Bk =1.
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The Bolza surface, B, is a fundamental domain of the action of the Fuchsian group on D2,
given by the octagon delimited by the boundaries of the eight disks (Dy)1<k<s given by:

1
1+ 7
2
7508 (§)
and Dy, = eQiﬁng for k € [1,8]°. Each generator of the Fuchsian group sends an edge of
the octagon to the opposite edge®. The Bolza surface is a compact homogeneous Riemannian
manifold since ID? is an homogeneous Riemannian manifold and the Fuschsian group is a

group of isometries. The Riemannian probability measure

1.
(S.2.21) Ho = = flo

(S.2.20) Ds =By, ,, with 2 = and ro = /22 — 1,

on B, with the fip-measure of the Bolza surface given by 7" = [ip(BB) ~ 12.5664, according to
Lemma S.6.2. Its injectivity radius .# (B) < 2 argth(zo—ro) ~ 1.1437, the geodesic distance
between 0 and xg — rg. .

The Poincaré disk and the Bolza surface are also quotients of the group SLo(IR) Ratner
(1987); Faure (2023). This specificity is used in Section S.4.2 to compute geodesics.

PROPOSITION S.2.8.  For every h so that §,, , < #(B), the radius of a geodesic ball

with pig-measure h is 0, , = 2 argth(, / 47517};/}1) Moreover, sp, (o) = 04, with

2
hyv [hY 4T
2 —
(8.2.22) dp= |2| argsh ( i ) + <<argsh ( i )) %7 +1 1>

The proof of Proposition S.2.8 is available in Appendix S.6.2.8.

S.2.3. Median signatures. For the family of tests (qbgflh) he(0,1)> We decided to use the
Wasserstein barycenters, that minimise the expectation of the squared Lo-Wasserstein dis-
tance. We may have used the Wasserstein medians, that minimise the expectation of the
L;-Wasserstein distance. However, the stability of Wasserstein medians would be in L
Wasserstein (Carlier, Chenchene and Eichinger, 2023, Section 3.1), which is not satisfactory.

We do not expect a better upper bound than the one given by Proposition 2.6 in Brécheteau
(2025), based on the stability result of (Carlier, Delalande and Mérigot, 2024, Section 1.2.2),
thatis, Wa("1, 2) < Wi( 1, 2).Forinstance, for ameasure ;| = %550 + %(5#4— %551 with p
supported on [0, 1] and 5 = £3s, + 56, + 505, , then, Wy (med( 1), med( 2)) = Wi (u,v) £
Wi 1, 2) = Wil v).

The Wasserstein median is not unique, but existence is discussed in Carlier, Chenchene and
Eichinger (2023) for the Wasserstein barycenter of a finite number of probability measures.
If Wasserstein medians fail to satisfy all nice properties of Wasserstein barycenters, they may
have some nice properties relatively to robustness against outliers, and are not worthless.
Therefore, one may be interested in defining median signatures, as follows.

SThe extremal points of B are given by 0D NODg 1 N D? = 2_%62m§+i§, for k € [[1,8]], with the
convention Dg = D1.

SFor every k € [1,8], fi, sends 0Dy 4 N OB to Dy, N IB, where Dy, 4 is identified to Dy,_4.

7According to Proposition S.2.8, the value of h corresponding to the radius 2argth(xg — rg) is given by

_4rx _(z0—10)®
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DEFINITION S.2.1.  The empirical DTM-signature median 5, 1, 1( o) to the uniform
distribution is defined as the Wasserstein median of the distribution $,, ,("on) of sp(fon),
where fign, ~ "0 0on Z([0, 2(Z))).

$.2.23 5 e in B, (s s).
( ) Snhi( om) argse(@(%{léﬂ(%)]) sesnn(“on) IV1(S, 8)]

In practice, median empirical DTM-signatures are approximated by a Monte Carlo proce-
dure. Moreover, the median 5, 4, 1 (") converges to sp,(x), uniformly on p € Z(Z):

PROPOSITION S.2.9.

(8.2.24) sup Wi(sp(1),5n,n1("n)) =0, n— oo.
HEP(X)

The proof of Proposition S.2.9 is available in Section S.6.2.9.
S.3. Numerical illustrations - Supplement.
S.3.1. Supplement to Section 4.1 in Brécheteau (2025).

S.3.1.1. Definition of test aggregation and multiple testing procedures.

S.3.1.1.1. Aggregation of tests. We implement the aggregation method of Fromont and Lau-
rent (2006), that work as follows. For a collection of positive weights (w;);ec; satisfying
Zie ;wi = 1, we define the aggregated test ¢, o, as

(831) ¢n,a =1l& sup Tn,hi — J1—uqwi,nh; > O>
el

meaning that Hy is rejected when T, 1,, > q1—u,w; n,h, fOr some ¢ € I, where

(8.3.2) Ug = SUP {u >0,P-, <sup T h, — Al—uwi,nb; > ()) < a} ,
' iel
and where q1_y_w; nh, 1 the 1 — u,w;-quantile of the distribution of T, 5, , under Hy (that
is, when ,, = "¢ ). Since the null hypothesis is simple, the value of u,, can be estimated via
a Monte-Carlo procedure, so that the test has a type I error of a. As for individual tests, the
rejection of the null hypothesis occurs if at least one of the statistics is too large.

S.3.1.1.2. Benjamini Hochberg procedure. The Benjamini-Hochberg procedure consists in
reordering the p-values (pyp, )icr 80 that Pp s, < Prjhe < -+ < P, - For a € (0,1),
let Zo = {i €I, Ppp, < %'} Let ig = max(Za). Then, Zo = {i € I, Ppp, < Prihiy) )
denotes the indices of tests for which Hy is rejected. Then, based on the Benjamini-Hochberg
procedure, the hypothesis Hy : ,, = "¢, is rejected when %, # 0. This procedure is not
proved to be of level «, since the independence of the test statistics is not satisfied, Benjamini
and Yekutieli (2001). However, we show numerically that this testing procedure has level «
on the considered examples.

S.3.1.1.3. Bonferroni procedure. In the Bonferroni procedure, the i-th test rejects Hyg when

Pnh < ﬁ Let Zo ={i €1, ppp, < ﬁ} denotes the indices of tests for which the null

hypothesis Hy is rejected. Then, based on the Bonferroni procedure, the hypothesis Hg :
n="on is rejected when %, # (). This test is of level c.
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S.3.1.2. Selection of the scale parameter. 1In this part, associated with Section 4.1, we
display the results of the same experiments done for $! in Section 4.1 in Brécheteau (2025),
for the sphere $2, the torus T? and the Bolza surface B.

We consider the following sampling procedures:

» On $2: the von Mises-Fisher distribution with parameter ~ = 0.5 ; a mixture of 6 von
Mises-Fisher distributions with centers on a regular polytope, with parameter x = 10

o On T?2: the Normal distribution with standard deviation 0.1 ; a mixture of 4 Normal distri-
butions with standard deviation 0.04, with centers (0,0.5), (0,—0.5), (0.5,0), (—0.5,0)

e On B: a distribution based on 10 iterations of a Brownian motion, with center 0, with
standard deviation 6 ; a mixture of 4 distributions based on 10 iterations of a Brownian
motion with standard deviation 1.5, with centers (0, —0.5), (0,0.5), (—0.5,0), (0.5,0).

In Figures S.3, S.4, and S.5, 100-samples of the different procedures available.

FI1G S.3. Samples of uniform distributions, used in Section 4.1 in Brécheteau (2025).

FI1G S.4. Samples of von Mises-Fisher or Normal distributions, used in Section 4.1 in Brécheteau (2025).

In Table 1, the power approximations of the tests are computed, and in Figure S.6, the
proportion of parameters h selected are displayed.

S.3.2. Supplement to Section 4.2 in Brécheteau (2025) Comparison to classical tests of
uniformity. In this part, associated with Section 4.2 in Brécheteau (2025), we represent the
p-values of the different tests of uniformity for the grid on the circle $' and for the Sobol
sequence on the sphere $2, in Figure S.7. Then, we represent the power for the differents
tests of nominal level 1% and 10% on $' in Figure S.8 and on $? in Figure S.9. These two
figures strenghten the results obtained in Figure 3 in Brécheteau (2025) for the nominal level

5%.
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FI1G S.5. Samples of mixtures of von Mises-Fisher or Normal distributions, of Section 4.1 in Brécheteau (2025).
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FIG S.6. Selection of parameters h.

Grid on circle

Grid on sphere based on a Sobol sequence

FI1G S.7. Regular samples on 8! and 2 (left), p-values for the tests on these samples (right)
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Space Method Class. Aggregation  Alt. Aggregation Benj.-Hoch.  Bonferroni
$? Uniform 0.0496 0.0514 0.0364 0.0146
$2 von Mises-Fisher 0.5802 0.5429 0.5689 0.3824
g2 Mixture von Mises-Fisher 0.9785 0.9792 0.9434 0.943
T2 Uniform 0.0481 0.0544 0.0376 0.0129
T2 Normal 0.4876 0.5024 0.4739 0.3105
T2 Mixture Normal 0.5972 0.6171 0.4569 0.3734
B Uniform 0.0476 0.0479 0.0344 0.0141
B Brownian 0.4048 0.4098 0.3562 0.2356
B Mixture Brownian 0.7604 0.7898 0.6879 0.5672

TABLE 1

Power comparison for tests of level 0.05

Von-Mises Fisher distribution, k = 0.5, a = 0.01 Mixture Von-Mises Fisher distrib., k = 10.0, a = 0.01 Uniform distribution, o = 0.01
o 10 10

1

Von-Mises Fisher distribution, k = 0.5, a = 0.1 Mixture Von-Mises Fisher distrib., k = 10.0, & = 0.1 Uniform distribution, a = 0.1
L 10

FIG S.8. Powers on the circle
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Von-Mises Fisher distribution, k = 0.5, a = 0.01 Mixture Von-Mises Fisher distrib., k = 10, a = 0.01 Uniform distribution, a = 0.01
o 10
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Mixture Von-Mises Fisher istri ‘., Uniform dlstnbutloa, a=0.
10
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FI1G S.9. Powers on the sphere

S.3.3. Supplement to Section S.3.3 in Brécheteau (2025): Application to shape analysis.
In this section, we consider sets of points on several spaces (the olympic rings (1), the infinity
symbol (2), the sphere (3), the bunny (4), the klein bottle (5) and the projective plan (6)),
with cardinality 40000 (except for the sphere, 34686 points, and the bunny, 34835 points).
The spaces are 1-dimensional in R? (1,2), 2-dimensional in R? (3,4), 2-dimensional in R*
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(5,6). The samples (1,2,3,4) are represented in Figure S.10, together with the normal vectors
for examples (3,4).

AR YA /ﬁ\
/ %ﬁ{\\ / )
\ \ J
AL /,/ \\ //
—{ A N

\‘\\;; :// \\\1\,:—///' //

FIG S.10. Samples : olympic rings, infinity symbol, sphere, Stanford bunny

The olympic rings (1) are union of five circles with radii 1 and with respective centers
(2.5,0),(1.3,—1), (0,0), (5,0) and (3.8, —1). The infinity symbol (2) is made of two cir-
cles with centers (0,0) and (14/4,0), with radii v/2 and \/g , joined continuously by seg-
ments. The Stanford bunny (4), from the Stanford University Computer Graphics Labora-
tory, http://graphics.stanford.edu/data/3Dscanrep/ and the regular grid on the sphere (3) have
been generated from the python notebook Buet, Leonardi and Masnou, (for the sphere, with
generateEllipsoid (1, 1, 331)). The Klein bottle (5) and the projective plan (6)
have been generated according to the procedure described in Bobrowski and Skraba (2022).
For the Klein bottle, given two random variables 6 and ¢ on [0, 27|, we define the four coor-
dinates of a random vector by:

* Xj = (14 cosf)cosa,
* Xo=(14cosf)sing,
. X3:sinﬁcos§,
¢

e Xy =sinfsin 3.

For the projective plan, given a random vector (U, Us, Us), uniformly distributed on the
sphere $2, we define the four coordinates of a random vector by:

e X1 =U1Us,

* Xo=U1Us,

® X3:U22 —Ug,
hd X4:2U2U3.

To all points, we associate an estimator of the normal vector (1,2,3,4), or the tangent space
(3.4,5,6), using Buet and Rumpf (2022); Buet, Leonardi and Masnou (2022) and its Python
implementation, available in Buet, Leonardi and Masnou. Regarding the normal vector, we
consider both the normal vector provided by the algorithm in Buet, Leonardi and Masnou
and its opposite vector. Therefore, the samples of normal vectors (in the circle (1,2) or in
the sphere (3,4)) have a cardinality that is twice the sample size, and they have a rotational
symmetry with respect to the origin. The tangent spaces are elements of the Grassmannian
G(2,3) for examples (3,4) and (G(2,4) for examples (5,6). The distribution of the normal
vectors for the samples (1,2,3,4) are represented in Figure S.11.

For the olympic rings (1) (resp. for the sphere (3)), we observe a distribution of normal
vectors that seems to be uniform on the circle (1) (resp. on the sphere (3)). It makes sense,
since (1) is just a union of 5 circles, so the normal vectors, if well estimated (at least far from
intersection points), should behave uniformly. On the contrary, for the infinity symbol (2), the
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FIG S.11. Distribution of normal vectors : olympic rings, infinity symbol, sphere, Stanford bunny

distribution of the normal vectors is a sum of 4 dirac masses (represented by 4 points in the
circle), that delimitates 4 zones with constant density given by ¢ (left and right) and ¢’ (top and
bottom), for some constants ¢ < ¢’. The points correspond to the normal vectors of the straight
part of (2), parts with density ¢ correspond to left and right parts of the infinity symbol,
whereas parts with density ¢’ correspond to top and bottom parts of the infinity symbol. Such
directions appear more often than the previous ones. The density of the normal vectors is not
uniform on the sphere. The density of the normal vectors on the bunny (4) are not uniform
either, as represented in the sphere. We saw two points, that may correspond to the direction
of the base of the bunny, with direction (0, 0, 1) and opposite direction (0,0, —1).

We have sampled 10000 100-samples of points from the large samples, and computed the
p-values for the tests of iidness, with parameter h varying in [0.1,0.3,0.5,0.7,0.9]. The dis-
tribution of the test statistics under the null hypothesis have been approximated by a Monte-
Carlo procedure with 10000 replications, so that the p-values are computed with respect to
this distribution approximation. Among the 10000 100-samples of normal vector and tangent
spaces distributions, we have sorted the p-values and represented these sorted p-values in
Figure S.12 and Figure S.13.
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F1G S.12. Distribution of p-values for the iidness tests, normal directions
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Sphere, tangent Bunny, tangent
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F1G S.13. Distribution of p-values for the iidness tests, tangent planes

Notice that these curves correspond to approximations of the quantiles of the p-values,
under the alternatives. When the null hypothesis holds, we expect that the distribution of the
p-values is uniform, and that the quantile function is close to the function  — z on [0, 1],
which is the case for the distribution of normal vectors of the olympic rings (1), and the
normal vectors and tangent spaces for the sphere (2).

Under the alternative, we expect the quantile function to be below the function x — .
This is the case of all of the other examples. The rejections of the null hypothesis happen
even more often when the quantile function is close to 2 — 0 on [0, 1], which is the case
of the Klein bottle (5) and the projective plan (6). This makes sense since the dimension 2
of the tangent spaces to a surface in R* is smaller than the dimension 2(4 — 2) = 4 of the
Grassmannian (3(2,4). Therefore, the measure cannot be uniform. We can also notice that the
small values of h provide tests that are more efficient to detect iidness and reject the most the
uniformity assumption. Notice that since we sampled randomly samples of size 100, among
samples of large size (approx. 40000), the samples behave as independent samples. Therefore
the rejection of the iidness tests is due to the non uniformity of the underlying measure, and
not on the dependance of sample points, as discussed in Section 4.3 in Brécheteau (2025).

The mean power of the tests, over the 10000 replications, for a level 0.05, are represented
in the table in Table 2, and numerically confirm the above-mentioned resuts of Figure S.12
and Figure S.13.

Although such experiments may have been done by one of the numerous existing tests
of uniformity on the circle, on the sphere (R package sphunif in Garcia-Portugués and
Verdebout (2024), with an overview of existing tests in Garcia-Portugués and Verdebout
(2018)), or on the Grassmannian Chikuse and Watson (1995); Chikuse and Jupp (2004), with
an R implementation given by the function grassmann.utest in the Riemann package,
You (2022), these illustrations enhance that the DTM-signature or barycenter signature for
normal vector, tangent plane, or more generally, to any space generated by a subfamily of
eigenvectors of local covariance matrices, provide new shape descriptors, and may be used for
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h 0.1 0.3 0.5 0.7 0.9
Olympic rings normal | 0.0489 0.0504 0.0526 0.0531 0.0527
Infinity symbol | normal 1.0 0.5027 0.1559 0.0659 0.0754

Sphere normal | 0.0531 0.0505 0.0504 0.0478 0.0475
Bunny normal | 0.896 0.4975 0.172  0.0683 0.0578
Sphere tangent | 0.0488 0.0487 0.0491 0.0499 0.0509
Bunny tangent | 0.8306 0.6821 0.5624 0.4939 0.4788

Klein bottle tangent 1.0 0.9998 0.9989 0.9889 0.9121
Projective plane | tangent | 0.9982 0.9974 0.9953 0.9868 0.9537

TABLE 2
Power of the test of iidness, based on 10000 100-samples

shape comparison, clustering, or even for testing equality of shapes, as alternatives to Mémoli
(2011); Osada et al. (2002); Brécheteau (2019); Chazal et al. (2009); Chazal, De Silva and
Oudot (2014).

S.4. Numerical procedures.

S.4.1. Monte Carlo procedure to estimate the barycenter signature. We approximate the
barycenter signature 55 ( ) of a measure ,, € Z(%,(Z")) by Monte Carlo, by 5,( ),

with 7 = % Z%zl Ou, , based on an M-sample (g4, 07)1<m<pr from , . Its quantile

function is given by - E%=1 Qs With (8 = sp(Hn,m1))1<m<

| M
S4.1 5 —arg _ min — > Wi(s,sm).
( ) n( ) gseﬂ’([O,@(&”)]) M mzzl e

The estimator 5;,( 5 as) converges in distribution to 55,( ), almost surely, when M — occ.
This follows from Proposition 2.6 in Brécheteau (2025), from the fact that in compact Polish
spaces W) metrizes weak convergence (Villani, 2008, Theorem 6.9), and since empirical
measures ,, )y converge weakly to sampling measures ,, almost surely Varadarajan (1958).

S.4.2. Sampling on the Bolza surface.

S.4.2.0.1. Sampling from the hg-uniform measure gy on the Bolza surface. Generating a
random point uniformly distributed in the disk B 001 of the Poincaré disk is possible using

two independent random variables uniform on [0, 1], as follows.

PROPOSITION S.4.1.  The random variable Z = , /ﬁexp(%ﬂ/), with U and V

-1
i.i.d. uniform on [0,1], follows the uniform measure (ﬂo (BO -1 )) (M0)|B

1
0,2 4

The proof of Proposition S.4.1 is available in Section S.6.3.1.

To generate a uniform sample on the Bolza surface, we use an acceptance-rejection
method, based on a sample on the smallest ball containing the Bolza surface, B0 1, and

-5
72 4

where points in U2:1 Dy, are rejected.

S.4.3. Generation of geodesics on the Bolza surface. 'To compute geodesics, we consider
the relation between the Poincaré disk ID? and the group SL?(IR), Faure (2023); Ratner
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(1987). Every matrix g = (‘CZ Z) € SLy(IR) can be decomposed as a product of three matrices,

accordingly to the NAK decomposition of Iwasawa®:

542 =G0 (7, 0.) (i e,

We can identify SLo(R) to H? x $!, where H? is the Poincaré half space, via the map
g—(z=z+ iy,exp(i@)) We can then identify SL2(R) to D? x 8!, using the Cayley

transform z € H? s w = Z—ﬂ € D2, that is an isometry”. Isometries of [H? are induced by

elements g = (%) € SLy(IR) by, for every (z,e%):

az+b 0 cZ+d
S.4.3 ——, and ¢’ '
( ) Z'_)cz—i-d’ amnee ]ci—i-d]e
The isometry on D? induced by g is CgC~! = (g g) € SU(1,1) (with |a|? — |8]? = 1), for
C=(7)"

To compute geodesics on the Bolza surface, we compute geodesics in 2, apply trans-
formations of the Fuchsian group, ¢;, in H2!!, and send points to ID? through the Cayley
transform.

The geodesic in H starting at gg = (20, o) with rate ¢ is given by

. exp(t/2) 0
9t = 90 ( pO exp(—t/2)>

so that g; = (z, 6;) with:
_dagexp(t) 4 bo do — icoexp(t)
dcgexp(t) +do’

(S.4.4) , and exp(if;) =

|do — icoexp(t)]

Consequently, using the Cayley transform, we get in D? that:

_i(agexp(t) — do) + bo + coexp(t)
i(agexp(t) +dp) + by — coexp(t)’

(S.4.5)
In particular, dpz (wy,wy ) = [t — t/|'?

Notice that, for a geodesic in ID?, starting at 0, the derivative of the geodesic at time t = 0
is related to the initial angle 6y: w(, = 1 €200,

S.4.4. Brownian motion on the Bolza surface and mixtures of Gaussian measures. Ac-
cordingly to (Bharath et al., 2023, Section 3.1), a classical procedure to simulate a brow-
nian motion on a compact Riemanian manifold (.#,G), (B;)o<t<7 for T'> 0, is to use a
Markov process (Xﬁ)ne[[o, N7 defined from a partition of [0, 7] with fixed time step h = %,
to=0<1t <...<tN:T,by:

8The relation between coefficients are: @ = y1/2 cos(f) — :vy_l/Q sin(9), b= y1/2 sin(9) + :cy_l/2 cos(6),
c= —yil/2 sin(#), d = y71/2 cos(0), z=x +1iy = zgig, e'f = |g_fz| 0

9The inverse of the Cayley transform is given by z = ¢_1 (w)=1 ‘ftl)

10The relation between the coefficients are : o = 7( +d)+ 50b—c), 8= %(a —d) + %(b +c),a=
Re(a) + Re(B) , b=Im(c) + Im(B), c=Im(B) — Im( ), d= Re( ) — Re(B).

"Element gy, of the Fuchsian group has coefficients: a, = 1 +v/2 + (2 + v/2)V/v/2 — 1 cos (%E),bkz
ck:7(2+\/§)\/\/§flsm( ) dp=14+vV2—-(2+vV2)VV2— 1cos(kﬂ').

12This folllows from the fact that the Cayley transform is an isometry, that multiplication by gg in SLo(R) is
an isometry in H, and footnote 3.
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. XSL /A
* Forevery n € [0,N —1]:
— Select a random vector &, 1 ~ -47(0, h) on the tangent space T'x (.# ), for the metric
G(X7);
— Define X! | =exp x(&n+1), the value at time [|€n41q(xn) of the geodesic starting
from X with direction —S+1

Ent1llaixn
In order to compute Brownian motion paths on the Bolza surface, we apply a slight vari-
ation of this procedure on ID? and apply transformations of the Fuchsian group for the paths
to remain in the Bolza surface For convenience, in D2, we use the symmetry of ID? with

respect to 0: if ¢p41 1 2 > )i:l is the Mdbius transformation that sends the point 0 to X,

then, we set
(S.4.6) XP )= bnga(expy(nia),

with &,11, a random normal vector of distribution .47(0, h) on Ty(.#'). This normal vector
is given by:

Vh ;
(S.4.7) én1 =5 v/ Yar1e Ontr,

with ©,,41 uniform on [0,27] and Y, 1 ~ x%(2), independent of ©, ;. Notice that
[€n+1llc0) = /hYn+1 has the same distribution as the Euclidean norm of a random vec-
tor in R? with distribution .4 (0, VA l5).

A Gaussian measure on the Bolza surface with center ¢ € B and variance ¢ > 0 is defined
as the distribution of By, for a Brownian path starting from By = c¢. Mixtures of £ € IN*
Gaussian measures on the Bolza surface are distributions of type Zle a; N (¢, ti), for

(ai)lgigk S [0, 1]k, such that Zf:l a; = 1.
S.5. Proofs of the results in the main paper, Brécheteau (2025).
S.5.1. Proofs for Section 1 in Brécheteau (2025).

S.5.1.1. Proof for Theorem 1.1 in Brécheteau (2025). According to the Prokhorov the-
orem, since 2" is a compact Polish space, Z2(Z") is compact for the weak convergence.
Since the weak convergence is metrized by the W, distance, (Villani, 2008, Theorem 6.9), it
remains to prove that the function € Z(%2") — E,, [Wa(fin, )] is continuous with respect
to Ws. Let 7 denote the optimal transport plan between p and v for W (that exists according
to (Villani, 2008, Theorem 4.1)) and (X;, Y;) an n-sample from 7, then:

E# [WZ(I}%’N)] —E, [WQ(’}n, V)] =E, [WQ(ﬂmlu) - WQ(’)TH V)]
Eﬂ' [WQ(ﬂmﬁn) +W2(/L7V)]

<E,

J

§\H

Z (X5, Y2) | +Wa(p,v)

3\*—‘

Z [A2(X, Y3)] + Walp,v)



20

according to the Jensen inequality. The second part of the lemma is a direct consequence of
the Markov inequality.

S.5.2. Proofs for Section 2 in Brécheteau (2025).

S.5.2.1. Proof for Proposition 2.1 in Brécheteau (2025). ~ Since d,, j, is constant accord-
ing to (2.5), and because of (2.6):

Wi(sn(p), sn(po)) = Wl(du,h#ua d/“)vh#,u)
< [ @) = (@)l (o)
< ldpn — dpo b lloo
< \/lﬁwz(uauo)-

If 7 denotes the optimal transport plan between p and v for Wi (u, v), then, according to
the triangular inequality, (2.7) and (2.6):

Wl(sh (M)u Sh(y)) <Wi (dlhh#,u d,u,h#y) + Wi (dy,h#ya du,h#y)
< /J dun(@) — dun(y)] dm(e ) + [y — dunlloc

< [ dlwdntoy) + W)
Z

Vh
1
< Wi(p,v) + EWZ(% v).
Moreover, Holder inequality for Wasserstein distances (Villani, 2008, Remark 6.6) yields:
1
($51) WaConion(0) < (14 ) W)

The same methods provide the bounds for the Ly-Wasserstein distance.

S.5.2.2. Proof for Proposition 2.2 in Brécheteau (2025). Using triangular inequality, we
get that forp=1or p=2:

(8.5.2)
By DV (s ()5 ()] < B Wy (4 dungea, )] + B o (dnps, - i) |-

Parametric rates for the left term is obtained with the following Lemma S.5.1.
Concerning the right term, after noticing that d,, j, 24 is the empirical measure from an
n-sample from du,h#,p and that the support of sp, () and sp,(fty,) for every u € Z(2),

h € (0,1] and n € N, is bounded, included in [0, Z(.2)], following arguments in Chazal,
Massart and Michel (2016), we get that:

* Equation (2.14) is satisfied according to (Bobkov and Ledoux, 2019, Theorem 3.2).
* Equation (2.15) is satisfied according to (Bobkov and Ledoux, 2019, Theorem 7.16).
* Equation (2.17) is satisfied according to (Bobkov and Ledoux, 2019, Theorem 5.1).
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» Equation (2.18) is satisfied since W» (du,h#ﬂ 7du,h#u) = 0 when p = p since d,, p, is
constant.

LEMMA S.5.1.  Forevery h € (0,1] and ly, > 0, there exists some ny, € N and C > 0 that
does only depend on the diameter of 2 (not on h nor on 1) so that for every n > ny, for
every measure 1 € (") so that inf,c 9~ d,, p(x) > 1,

¢
853) B (daonga, dunga, )| SE Ve (dngsdung, )| < T

PROOF. Let h € (0, 1]. According to (Chazal, Massart and Michel, 2016, Proposition 1),
also valid in the more general metric space (2", d), we get that for every x € 2":

1
(5:54) 47, () = A @)] < W (@) (), ) -

Moreover, according to (Bobkov and Ledoux, 2019, Theorem 3.2) and the discussion be-
low, and since (2", d) is a compact set, we get both that

C
(8.5.5) sup  sup B, Wy (%(z, ) up, d%(z, )up, )] < —=
P (X)) 2ed ﬂ[ 1( ( )#M ( )#H )] NG
and
(S.5.6) sup sup /B, W2 (d%(z, ) g, (2, ) g, —
peP (XY zE€X \/ (2 Jp (2 ) )| < f

for some positive constant C'.
Besides, note that for n > %, for f1,, = 1 Zl 10x, and fi,_1 = % Z 5 0x,, we get that

(S.5.7) 4z, (X)) = dﬂmﬁ(xl),

where h = (h — l) n_ — hn 11, since X is the nearest neighbour of X in {Xy,..., X, }

n/) n—1 "
with a distance equal to 0. Not1ce that X is independent from fi,,_1.

Moreover, note that for every z € 2,

1" 1 h
2 2 2 2
(5.5.8) @2 @) @2 )] < |+ /ZZO i) - = /I:O 52 ()
29(2)*|h—h
(S.5.9) < ( )~ | |
h
49(X )2 |h—h
(8.5.10) LA Z)h=h|
h
according to (2.1), where the last inequality is correct for n > nj := max (2, %) since
~ 1-h 2_h
(S.5.11) h=h— >h—2>=
n—1 n - 2

As a consequence, if inf,c 2~ d,, 4 (x) > I, > 0 and n > ny, then we get that:

£ |:W2 <d;},n,h#ﬂnvdu,h#ﬂn)] < \/E |:W22 (dﬂn,h#ﬂnvdu,h#ﬂn)]
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n

:LZ‘ fu n(Xi) #uh(XA)f]

E

IN

E Udﬂn,h(Xl) - d,u,h(Xl)‘Q]

‘dQ (X1) —

—_ = =
=

2
a2 ,(X1)|
Ay (X }

|dp, 0 (X1) + s

1 9 2
SN )= ()

1
l Mn—1,

2
\/EXlwaXz, X iid ~p [d% E(Xl)—di,;(Xl)’ ]

1 2 2 2
B Ud WX =2 (x| }
2
O 9@
hipy/n—1  hlp(n—1)
< C_

for some constant C' > 0 that does not depend on p nor on h, according to the Minkowski
inequality, to (S.5.7), (S5.5.8), (S5.5.4) and (S.5.6), since X is independent from X5, ..., X,,.

O]

S.5.2.3. Proof for Proposition 2.3 in Brécheteau (2025). If 2 is discrete, this result is a
consequence of Proposition S.2.3 below.

If 2 is not discrete, this result is a consequence of the unicity of uniform (resp. hg-
uniform) Borel probability measures Christensen (1970) (cf. Theorem S.1.1).

Let H > 0, let p € 22(Z°) be such that Vh € [0, H], s (1) = sn(po). Then, u(B(z,r)) =
wo(B(z, 7)) = po(B(y,r)) = p(B(z,r)) for every z,y € 2 and r < r(min(hg, H)). No-
tice that r(min(ho, H)) > 0 since (2, d) is not discrete. Consequently, p is min(hg, H)-
homogeneous, and by unicity, u is thus equal to i, that is also min(hg, H )-homogeneous.

S.5.2.4. Proof for Proposition 2.4 in Brécheteau (2025). For the sake of contradiction,
assume that for every H, the number of accumulation points of {h € [0,1], s, (1) = sp(po)}
is infinite in (0, H], then there exists a sequence (7,), converging to 0 so that u(B(z,ry,)) =
wo(B(x,ry,)) for every n € N and every x € 2. Following the proof of Theorem S.1.1, it
implies that p = py.

S.5.2.5. Proof for Proposition 2.5 in Brécheteau (2025). The proof is similar to the proof
of Proposition S.2.2 below, in Section S.6.2.2.

Let [,h € (0,1) and & € A;p,. Then, dy, p(x) =d, » (x)=d_n for instance using

Ho, 77 1—1

(2.1) and the fact that 6, () = 61,2 () for every m <h.
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Then, since A;p, ,,, C Supp(p1)€,

(S.5.12) Wi (sn (), 5n(p0)) = t(Avpp,)

d% — dh‘ = (1 - l),uo(Al,h,m)

dn — dh‘ .
The equivalence follows from the fact that f : h — d; is differentiable at h. So

‘dL — dh‘ = 15 (hf'(h)) + O(I?), so ‘dL — dh‘ ~1-0 Chtto (A p,p, )l for some constant
1-1 1—1

non negative constant C}, that is equal to zero if and only if 2" is discrete with A < ﬁ

Moreover, since the sets (Al,h,ul)lzo are non increasing for the inclusion, pg (Al,h,ul) —150
10 (Ui Ath) € (0,1].

S.5.2.6. Proof for Proposition 2.6 in Brécheteau (2025). According to (Carlier, Dela-
lande and Mérigot, 2024, Section 1.2.2),

(8.5.13) Wa(5n("n)s80("n)) S Wi(sn("n)ss0("n)),
where W; is computed with respect to the Lo-Wasserstein distance on 2 ([0, Z(Z)]).

Then, using the optimal transport plan 7 between p and v for the Lo-Wasserstein distance,
as in the proof of Theorem 1.1 in Brécheteau (2025), and using Proposition 2.1 in Brécheteau
(2025), we get that:

Wa(Sn("n)s 81("n)) < Ex Wi(sn(fin), 51(0n))]

<E, [(1 + &) W2(/lm’>n)}

< <1 + JIE> W11, v).

The second inequality is obtained with the same procedure, where is the optimal transport
map between , and ,, for the L;-Wasserstein distance:

Walst( )50 ) < By | (14 7= ) Walin.on)]

S.5.2.7. Proof for Proposition 2.7 in Brécheteau (2025). Using triangular inequality and
the definition of 5;,( "), we get that:

Wi (sh(1),50("n)) < Wa (sn(p), 5n("n))
< Eu Walsn(u), sn(fin))] + Eu [WVa(5h("n), sn(fen))]
< 2, [Wa(sn(w), sn(fin))] -
Moreover,

EW1 (sh(ftn), 51("n))] <

<3E, Wa(sa(p), sn(fn))]-

We conclude with Proposition 2.1 in Brécheteau (2025) and Theorem 1.1 in Brécheteau
(2025).

The rates are obtained as a direct consequence of Proposition 2.2 in Brécheteau (2025).



24

S.5.2.8. Proof for Proposition 2.8 in Brécheteau (2025). Leth € (0,1),1€ (0,1), 1€
P(Pp(X7))and |, =1 1+ (1—1)"0n. Then,

! 2
Wa(n( 1n)s8h("0n)) = \//_O\Qgh( (@) = Qs, -,y (w)| du

2
\// SNSh#l [Qs(u)] — $~sh#0 [QS(u)]‘ du
u= 0

\// y,~ In Qs; u.)( )] HN 0,n [QSI H) ” du

1
- l\//uzo UE”N 1n [Qsh(ﬂ) (u)] - ]Ep/\fom [Qsh(”) (u)] ‘2 du

= lWZ(gh( 1,n)7 §h(A0,n))'

where 55,4 | is the distribution of s;(u) for a &2,,(2")-valued random measure p with
distribution ,, € 2(Z,(Z")).

S.5.3. Proofs for Section 3 in Brécheteau (2025).

S.5.3.1. Proof for Theorem 3.1 in Brécheteau (2025).

S.5.3.1.1. Proof of the consistency given by (3.17) for the tests of homogeneity.. Let h €
(0,1]. Let ¢ > 0 and (€, )nen be a sequence of positive real numbers converging to 0. Recall
that:

Hl(AO’n,h,C,En) :{ n € y(@n(%))a W2('§h( n)agh(AO,n)) > C, VZ,h( n) g 6n}~
Since 2 is compact, the distances (W),),>1 are comparable. Let w2 > 0 be such that:
(S.5.14) Vu,ve 210, 2(2)]), Wilu,v) < Wa(p,v) <wg / Wi(u,v).

According to (3.21), the quantile of TE°™ under Hy satisfies ¢! | — 0 when n —
oo, and the barycenter signature of "¢, converges to the signature of fi, according to

2
Propositon 2.7 in Bréchetean (2025). Let nc € N be such hat 4 < (555) and

so that Wa(54("0,n),sn(p0)) < § for every n > n.. Then, for every n > n. and every
n € HI(AO,nahacaen)

hom hom
P n (Tn,h > ql—a,n,h)

2
> P <Th°m> < ¢ ) )
- 2wy

>Ppn <W2(sh(uo) sn(pn)) > ;)

according to (S.5.14) since all signatures are supported on [0, Z(Z")]

> P, (Wa (o (0),50( ) = 5 2 Wa (Gl ). n(han))
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>Pu.~ . <W2 (8n("on)sSn( n)) — % >Wa (8r( n),sn(pn)) + W (Eh(Ao,n),Sh(uo)»
>1- S )]pm Ve (B1( n)ysn(1n)) +Wa (31("0.n), s1(10))

>Wa (5n("0m)s n( n)) — 5)

C
1o sup Prore  (Wa (Gl n):sn(ba)) > 5).
neg('@n(%))y]}aun'\ n [WZ(E}L( n)ysh(“n))]§€n

4
>1-— ﬂ, according to the Markov inequality.
C

For a sequence ( ,)nen of measures in & (2, (Z)) such that
Wa(5h( n),5h("0mn)) Z¢>0

for every n € N, and such that Wh(Sx( 1), sp(r)) converges in probability to 0, then,

c
$515) P (T zaln ) 2 1P, (Waa( a)salin)> 5).
for n > nc, so, the power converges to 1 when n goes to 4-oco.

S.5.3.1.2. Proof of the consistency given by (3.17) for the tests of iidness.. We follow the

pr9of of the previous paragraph for d)g",ﬁn Let h € (0,1]. According to (3.21), thg .quantile of
T;fh under Hy satisfies q‘lld_mn’h — 0 when n — oo. Let ne. € N be such that qllld_mmh < %
for every n > n.. Then, for every n > n. and every ,, € Hi("on,h,c,€),

. . R ¢
P, (T = i) = Pun  (Wa(EnCom)ssnl(in)) = 7

> Pppe o (WolEn(0) 0 ) = 5 2 Wa (Gl a)sn(mn))

5=
C
>1-— o sup Puo~ . <W2 (5n( n),sn(pn)) > 5)
ney(yn(‘%/))?]EMHN 'n[WZ(gh( ”)7Sh’(”n'))]§€n
S 2
c

For a sequence ( ,)nen of measures in & (2, (2Z")) such that Wa(5,( »),51("0n)) >

¢ > 0 for every n € N, and such that Wa (53, ( »), sn(ttrn)) converges in probability to 0, then,
.. .. C

8516 P (T2 di00) 2 1= Pur , (We (Gl )snlin) > 3)

for n > nc, so, the power converges to 1 when n goes to +oco.

S.5.3.1.3. Proof of the consistency given by (3.18):. Letc > 0. Let p € Z(Z") such that

(S.5.17) Wi (sn(i),sn(po)) > c.
Let € € (0,c) and let n. € N be such that

. €
(S.5.18) sup — Wa(sn("n), sn(n) < 5,

HEP (X ), n>ne

given by Proposition 2.7 in Brécheteau (2025). Then, using the triangular inequality for W,
we get that

(S.5.19) Wa(5n("n),5n("0m)) > € — €.
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Moreover, for n € N, let

(5.5.20) en=sup EWa(sn(p),sn(im)]+ sup E[Wa(sp(p),5n("n))]
HEP(Z) REP (X))

According to Proposition 2.1, Theorem 1.1 and Proposition 2.7 in Brécheteau (2025), the

sequence (€, )neN converges to 0.

Then, (3.18) follows from (3.17), with the constant ¢ — € > 0 and the sequence (€y,)neN
above defined.

S.5.3.1.4. Proof of the consistency given by (3.19):. For every c > 0, the set of measures
{pe 2(Z), Wa(p, o) > c} is a compact set, and the function ¢ — Wi (s (1), sn(po)) is
continuous according to Proposition 2.1 in Brécheteau (2025). Consequently, it is minimised,
with a minimum that cannot be 0 since h € 7 (Z"). According to Proposition S.2.3, this is
the case for homogeneous discrete compact Polish spaces, for parameters h € 5 (.Z"), with
S (Z") that is not empty.

S.5.3.2. Proof for Theorem 3.2 in Brécheteau (2025).

1

$.5.3.2.1. Case H, (Aom,Wl,h,en_E, ) for (Tppq) = (TR, qhom ). We fol-
low the proof of Theorem 3.1 in Brécheteau (2025). Let h € (0,1] and € > 0. For n € N,
let 5,1("0,n) be a median of s (ft,n) for fig, ~ "o, with the same proof as for (2.27),
we get that Wi (sp(0),5n,1( 0n)) < #, for some C > 0, for n > n;. Moreover,

hom Ca,h

q;” anhgﬁ_hd faccordlngt0(3 21). So,

P, (T =den,,)

Y

P <w1 (51 Com)s 811 1) = 2 W) (S )5 (n)) + W (B (o), shwo)))

~ - Ca
>P <W1 (5n1("0n)s8n1( n)) >2 “

o M) = (Wi Gnal (i) > 5 )

pvn
21_67

provided that IE W (55,1( n),sn(pn))] <
take €' = 2cq,p, + 5. align®

—, according to the Markov inequality. We shall

B

§.5.3.2.2. Case Hy ("o Wa, hyen™ = en™ % ), for (Toq) = (T, 4, 1) Lethe
Ca,h

(0,1] and € > 0. For n > ny, since q‘llda nh S AT ﬁ according to (3.21), for some
C > 0, we have that:

id id
P n (T;;,h > qlllfoz,n,h>

v

P (w2 (5105 n)) = 2 4 Wy (51 n>,sh<un>>>

P <W2 Gr("om)3n( n)) > C\‘;nf + 5\6/5) -P (Wz (3n( n)sn(pn)) > 5\€/ﬁ>

Z 1- /87
provided that IE [Wa (51,( »), sn(ptn))] < C‘i/*iﬁ , according to the Markov inequality. We shall
take C'=cq p + % The proof is still valid when we replace \/n by n» for some r > 2.
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S.5.3.2.3. Case Hy (,ug,Wl,lh,cnfé), for (Tp p,q) = (Tgoﬁn,qﬁlo_rg .n)-- This case is a

. N _1 _1
direct consequence of the case H; ( 0ns Wi, h,en”z,cn” 2 ) for (T, q) = (Tﬁoﬁn, qlfﬂn;’n7h),

with e = ;5.

Indeed, according to the definition of the median and (2.14),

E W1 (31,1("n), sn(fn))] < B Wi (sn(w), sn(fn))]

C
hip/n’
Moreover, since according to (2.14), (2.18) and the definition of the median,
Wi (80,17 0,0)588,1("n)) = Wi(sn(p0)s sn(p) = Wi(8n,1("0,n), 81(10)) = Wi(8h,1("n), sn(1t))

> Wi (sn(to), sn(p))
—2 Wi (sn(fo,n), sn(10))] — 2E Wi (sn(fen), sn(p))]
hmin(ly, dp,)v/n’

<

> Wi (sn(10), sn(p))

we get that:

{An € P(PuAL)), e P(X), Wi(sn (), sn(10)) > ﬁ}

¢ C
n n ] S ) n 77 n Z = _4 .
c{ 1 e PPN G Comsial )2 =
ﬁ - 4m > \/éﬁ with C = 2¢cq,hn + % (the constant C' for the case

Hy (Ao,n, Wi, h, en”z ,cn” 2 ) ), for ¢ large enough.

with

$.5.3.2.4. Case H, (MO,WQ,zh,cn—i), for (Tppq) = (T gl ): As above, this

case is a direct consequence of the case H; (Ao,n,Wg,h,enff,cnfﬂ, for (T, 4,q) =
(Th%, i 4 1 1)» together with (2.15) and (2.18).

S.5.3.2.5. Case H; (,uo, Wa, ln, ¢y, cn_%>,f0r (Tpn,q) = (Tﬂfih,qiliﬂ%n,h):. This case is a
direct consequence of the case H; (A 0,ns Wa, h, en”r , en~ ), for (Typ,q) = (Tﬁdh, qiliila oh)s
together with (2.17) and (2.18).

S.5.3.3. Proof for Theorem 3.3 in Brécheteau (2025). We use the following well known
Lemma S.5.2.

LEMMA S.5.2. If ,u(?” is the uniform measure on 2™ and 1\ is a Borel probabil-
ity measure on Z". Let ,u(”) = 1?5 4 1578 be its Lebesgue decomposition given by the
Radon-Nikodym-Lebesgue theorem, with p?* absolutely continuous with respect to uf)@",
with Radon-Nikodym density f, and p*™¢ singular with respect to u[j@".

Then, for every sequence of random variables (¢, )neN, with values in {0, 1}, where ¢,, =
On(X1,...,X,) is a function of a random vector (X1,...,X,,) € Z":

]];)(le'-'inl)NM?7l <¢7’L - 1) + ]:P(le"'aXn)Nlu‘(n) (d)n = 0)
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> min(1, f(x1,...,2,))dud" (21, ..., 2n).
%“n,

PROOF. First, notice that
[ et -vagn s [t cadue s [ (s - nangn s 2.
So,
P (= 1)+ oo (@0 =0) 2 14 [, Lpsa(1— F)Apg” - pos (27)
= [y (U1 (1= f) + f)dug™

= f,%’n min(l,f)d,uf)@n
O

This is a consequence of Proposition 2.5 in Brécheteau (2025) with p; = ¢,,, together with
Lemma S.5.2.
Let v € (0,1) and L, ,, = M Let piyn = lynp1 + (1 — 1y n)po. Then, for f the

®n abs

Radon- leodym density of 15, , the sub-measure of u®" absolutely continuous with

respect to No given by the Radon-leodym Lebesgue theorem, we have that:

liminf P, (¢, =1) + P, (¢ =0) >hm1nf/ min (1, f(z1,...,2,)) dud ™ (21, ..., 2n)

n—-+o00 n—-+o0o

= liminf min (1, (1 —1yn)") du§™ (21, ..., 2n)

n—-4o0o xn

= liminfexp(nlog(l — )

=1-7.

Indeed, note that f(z1,...,z,) = (1 —l,,,)" forevery (z1,...,2,) € (Z \{zo})".
Moreover, according to Proposition 2.5,

Wa(sn(tiyn)ssn(po)) = Wilsa(py.n), sn(po))

> (= lano(Ar ) [d e — i
—log(1
n—>+ooCh5 gn’)/)

The Theorem follows from the choice C' = —§Ch,5w0 log(1 —~) >0.

S.5.3.4. Proofs for Proposition 4.1 in Brécheteau (2025). The function f : u, €
(P (L), Wa) — sp(un) € (2([0,2(Z)]), W1), is continuous, according to Proposition
2.1 in Brécheteau (2025). Moreover, Z,,(.Z") is a closed subset of the compact set Z7(.2"),
according to Lemma S.5.3, and is therefore compact. So, the function f admits a minimum,
and L@Zp,f (2) is not empty.

Moreover, if , is supported on ﬂom(% ) and p, ~ ,, we get that for every u, €
(8.5.21) Ty = Wi (sn(tn), $n(10)) < Wi (s4(ttn), sk (110)) -
SO Thom < qhorn

l1—a,n,h*
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LEMMA S.5.3. Letn € N, the subset Z,(Z") of P (Z") equipped with the Wasserstein
distance W, is closed.

PROOF. Let ( Mg ) x ) N be a sequence in &, (Z") converging weakly to
me
some probability measure P € &(Z"). Since (£, d) is compact, let (z})1<i<, be a limit

of a subsequence of ((;v(-m)>1<i<n> ,and P* =15 §,.. Since W3(P,,, P*) <

' meN
2
LS (m)\” it follows that P* = P, so that P € P (Z). O

*

S.6. Proofs of the results in this supplement.
S.6.1. Proofs for Section S.1 of the supplement.

S.6.1.1. Proof for Theorem S.1.1. Let ¢ be a continuous fonction on (2", d). We shall
prove that [, ¢(z)du(x) = [, ¢(z)dr(z). The conclusion would follow from (Dudley,
2002, Lemma 9.3.2).

Let p (resp. v) be an ho(p)-uniform (resp. ho(v)-uniform) measure.

For 0 <7 < 7" = min(d, n,(u)> Ov,ho(v)) (r* > 0 since min(ho(p),ho(v)) > lo), let
¢ = u(B(z,r)) and ¢, = v(B(x,r)) for some (and thus for all) z € 27, and let K, ¢(x) =

fB(ac,r) ¢(y) d!é(ry) !

Firstly notice that according to the Fubini theorem, and since y and v satisfy (1.1) or (1.2),

(56.1) / Ky o(w)dua) - 5 [ Kofaav(a)

d,u(g:) r dv(x)
- /5?/ #) </ﬁ?” 1d(z7y)<r7 a Z /@f ﬂd(x,y)<TT du(y) =0.

Secondly notice that,

(S.6.2) ‘/ K, é(z)dv(z /qs )dv(z

< [ ([ 1sen@o6) - ot >\d’jf”)du(@m@ﬁ(),wo.

r

where w,-(¢) =8P, ye 2 d(z.y)<r |9(2) — ¢(y)| converges to 0 when 7 converges to 0 since
¢ is continuous on the compact 2", and thus uniformly continuous.

According to (S.6.1) and (S.6. 2) also true for p, it follows that [, o O(x)dp(z) =
A o ¢(x)dv(z), with A = lim, 0 & o - that does not depend on ¢. Taking ¢ =1, we get that
A =1 since i and v are probability measures.

The second part follows from the same proof taking p = pg, ¢, = ¢, and considering radii
7 in the sequence (7, )neN-

S.6.1.2. Proof of Theorem S.1.2.. Let p and v be two Borel probability measures satis-
fying (S.1.3). Let y0 be a quasi-uniform measure. Let ¢ be a continuous fonction on (2", d).
We shall prove that [, ¢(z)du(z) = [, ¢(x)dv(x). The conclusion would follow from
(Dudley, 2002 Lemma 9. 3 2) that states that two Borel probability measures 1 and v so that
[ o(x)du(z) = [ ¢z ) for every bounded continuous function ¢ coincide.
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For 0 <e<eg,and z € 2, let cc , = po(B(z,€)) and let K p(x fB(“ d“O(y).

Ce,z

Firstly notice that

(S.6.3) /Kﬁqj )du(z /Keqb z)dv(z) = 0, € = 0,

Indeed,
’/ K.o(2)du(x /Ksst Jdv(x

du(z) / dv(z)
1 —_— = 1
% |¢(y)| ‘/% d(z,y)<e c pe d(z,y)<e c

X ,€ €
S/_|¢(y)l(/_ﬂd<x,y)<e
X X
1

1
/ 5 Li(z,y)<e

for x* € 2 fixed, since p and v coincide on balls with radius smaller than €.

dpio(y)

1 1

dp(x) +

Cr* e Cr.e

dv(z) +0)duo(y)

Cr* e Cr,e

Moreover,
1 1
lp(y) lg(ay)<e | — — dp() | dpo(y)
X X Crxe Cxpe
< s (2ol [ [ 00| duo)ant)
736211239” Cy,e Cxe d(my)<e Y HOWIERLE
< sw |1l oll | E5auo) 0.0,
zye 2 | C T* €
since o is quasi-uniform.
Secondly, notice that
(S5.6.4) /Ke<f> )du(z /d) )du(z) =0, e —0.
Indeed,
K )d dpo(2)
cd(x)dpu(x ¢> )dp(z %JIBM( 2)|6(2) = o(a)| = dp(z)
§W6(¢)'

Wl}ere we.(qb) = SUD, ye 2 d(ay)<e |P(T) — qﬁ(y)]‘ converges to 0 when e converges to 0 since
¢ is continuous on the compact 2", and thus uniformly continuous.

Accordlng to (S.6.3) and (S.6.4), also true for v, it follows that [ o 0(x)du(z) =
Jo d(@)dv(2).

S.6.2. Proofs for Section S.2 of the supplement.

S.6.2.1. Proof for Proposition S.2.1. Let z* € 2 be such that d(z*,Supp(u)) =
du(Supp(p), Z7), such a point z* exists since Supp(y) is compact. Then,

(S.6.5) d#mh(x*) < dumh(ﬁ) (x*) <e< d'u,h(fk)
for every 0 < h < h(e) since u(B(x*,€)) = 0 whereas po(B(z*,7)) > 0 for every 0 < r <.
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S.6.2.2. Proof for Proposition S.2.2. Let I,h € (0,1) and z € Ajp — {z € 27|
B(x,rp1-1)) C Supp(m)}- Then since Supp(4) is closed, B(x, rj,(1—)) C Supp(p). Con-

sequently, i (B(x rh(l l))) ZMO (B(x Th(1— l))) (1 l) = h, by definition of 7},;_;).
Since ,ul(B(x r)) = 7= ZMO(B( r)) for every r < rp(_ l), we deduce that 0, m(z) =
uo, _p(x) < 1y for every m < h. Using (2.1), we conclude that d, x(v) =

) <
(:(:):d h(1—1) forevery:ceAlh So,

Wi (sn(s1). $n (o)) = /}R

-,

> i (Apn) |dp—y — da|

1
= ﬁﬂO(Al,h) A1) — dal -

H/Ov

Fol ()~ FSZ%M)(U)] du

Fd_1 (u) —dp|du

“l’h#ul

The equivalence follows from the fact that f : h — dj is differentiable at h (since it is
expressed as an integral, cf. (2.1)), so }dh = dh(l,l)| =1(hf'(h)) + O(1?), so |dp—y —
dp| ~1—0 Cpl for some constant Cj,. This constant C}, is non negative since f is non decreas-
ing. Moreover, C}, = 0 if and only if f is locally constant around h, that is, if and only if 2
is discrete with h < | ¢1£| .

S.6.2.3. Proof of Proposition S.2.3. Let h € [ ] Let p # pg. Let x € 27 be such
that zi({x}) < . Then, d2 , (x) > =00 g2 h”d? @2, ) (x). Therefore, sy (1) #

sh(to)-
The first lower bound follows from the expression'

(5.6.6) Wi (sp(1), sn(po)) Z |d o (2 wh(T)]
zef

The second lower bound follows from the inequality:

(S.6.7) V()ngygl,\/l—x—\/1—y2%(y—x),
and the fact that erﬁ?f,p({x})<% (% —M({x})) = ZwGQ/ p({z})> ( ({37}) — *) =
32 wco n{z}) — ¥

The last two lower bounds are obtained by considering a coupling 7 of p and g
so that: m({z} x {z}) = min{%,u({z})}. Morally, for such a coupling, the mass

Doved, u{z})> L (u({z}) — %) of p is transported to another point, of a distance at most
) N
dy, and the remaining mass is not transported.

S.6.2.4. Proof of Propostion S.2.4. Let h € [0, %), then, every probability measure ;1 €
P () satistying pu({x}) > h for every x € 2" is such that sp (1) = sp(10) = do.

S.6.2.5. The circle 8'. Let Rpg € $}, then, 10(Brp,r) = 5= Leb([e .0+ Ig]) = R
for every r € [0, Rm]. So, 0,1 = d,,,n(x) = Rhm. Moreover, d = if 6

5 fzio R*m22dl = 1r®R?n2.
So, sp,(1u0) = dq, with dj, = \/gth.
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S.6.2.6. The sphere $2. Since $? is homogeneous, for simplification, we consider the
ball centered at poo = (1,0,0), By, , » = {ps,¢, arccos(cos ) < r} = {pg,¢, ¢ <r}, for r >
0.

5.6.2.6.1. For h < 1. For r < Z, jy(Bp,,,) =
Therefore, 7y, := 8, , = arccos (1 — 2h) for h < 1.

Then,
um n(z h / ldl

:/ arccos?(1 — 21)dl
h Jo

L qugo sinfdfdg = (1 — cosr).

([—T2 cos(r)] " + /0 " 91 cos(r) dr)
<[—r2 cos(r)|" + [2rsin(r)]5 — /0 " 9 sin(r) dr)

([-r* cos(r)]gh + [2rsin(r)]g" + 2[cos(r)]")

Sl- 2= 2= 2l 2le

(—7“,% cos(ry) + 2rp sin(ry,) + 2 cos(ry,) — 2) ,
with the change of variables r = arccos(1 — 2) on [0, h].
S$.6.2.6.2. Forh>35. Forr>Z 15(Bp,,r) =1—po(Bpysnr)=1—3(1—cos(m—r)).

Therefore, ), :== 8, , = ™ — arccos(—1 + 2h) for h > 3.
Then,

1 Th
d? ,(z)= / r?sin(r) dr
osh 2h r=0

1

=57 (—r 2 cos(rp,) + 2rp, sin(ry,) + 2cos(ry) — 2),

with the change of variables r = 7 — arccos(—1 + 21) on |3, %] and r = arccos(1 — 2) on
0,Z].
12

S.6.2.7. The flat torus T?. The expression of 6, = \/g for h < 7 is given by h =
(52 ,» the Lebesgue volume of the 2-dimensional ball with radius d,,, . Then, d? , (z) =

Ry
h 0 ﬂ'dl
S.6.2.8. The Bolza surface B.

LEMMA S.6.1. For every radius R € [0, 1), the fig-measure of the Euclidean ball with

2

radius R, BH-||,O,R: is given by ﬂO(BH-H,O,R) = %
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~ R 2
PROOF. ,U«O(B||~H,0,R) = fO 87T(177;2)2 dr = f‘f};Z O

LEMMA S.6.2. The [ig-measure of the Bolza surface is given by:

o B A7 5 T%(G) - %
(S.6.8) V= po(B) = Va1 8/g (1-720)(1 ~ 5) v

In particular, V" ~ 12.5664.

PROOF. According to Section S.2.2, the Bolza surface domain is given by Bg g N ﬂ?zl B¢
with R =271,

The fip-volume of the Bolza surface is thus given by ¥ = ¥ — 8%, with %) = fio(Bo,r)
and ¥ = fio(Bo,gr N Bj) = fio(Bo,gr N Bg) for any j € [[1, 8], since the sets By g N B; are
mutually disjointed.

According to Lemma S.6.1, %) = f T

Moreover,

z % —r2(0)
(§.6.9) Y= / / % drd@ 2/ de,
-3 (1-r $-r20) (1- %)

with 7(6), the Euclidean distance between 0 and Bg along the direction with angle 6. Accord-
ing to definitions of sinus and cosinus with ratios in right triangles and Pythagore theorem,
r(0) is given by:

(S5.6.10) r(0) = xg cos(0) — \/r2 — sin®(0) 2.

A numerical approximation of #; gives #] ~ 2.2214, so that ¥ ~ 12.5664. U

Let §,,; = 2argth(r;) be the geodesic radius of the ball centered at 0 (with Euclidean
radius ;) that contains the proportion [ of the mass of the uniform measure on the Bolza

surface. According to Lemma S.6.1, r; = 4/ ﬁ.

Then, setting x = / g, and noting that argth <1j{%) = argsh(x), we get that:

1
dfz“”h(o):h/l: 55, dl
2
1 [" 71
_h/lo <2argth< 47r—|—”1/l>> dl

4 [h V1
= h? — | d
h lzoargs ( 47r>

o [Vir
= Z;’L—; argsh?(z)z dz
327 argsh(\/ )
=5 sh(y)y?sh'(y) dy

y=argsh(0)
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7 (e® — e *)y* dy

T [(29%+1)ch(2y) — 2ysh<2y>}ii§§i§o§/*”)

87 /argsh (\/g)
a

rgsh(0)

h“//
47
Y

with ¢, = argsh (\ / ZZ;)

So, after simplification with the formula ch(2x) = 2sh?(z) 4 1, sh(2x) = 2sh(x) ch(z) =
2sh(x)y/1 +sh?(z):

hv hv 4dr
— 2 _
(S.6.11) d“0 (0) =2 | argsh yp + | | argsh | 4/ in \| — h”// +1-1

S.6.2.9. Proof of Proposition S.2.9. Using triangular inequality, Proposition 2.1 in
Brécheteau (2025), and the definition of 5, , 1("5,), we get that:

Wi (sn(1): Snp1 ("n)) S B Wasn(p), sp(n))] + Ep V1(Snn,1 ("), 55 ()]
<2E, Wi(sn(w), sn(fn))] -
We conclude with Theorem 1.1 in Brécheteau (2025).

( 14+ (QCh + 1) ch(2¢p) — 2¢p Sh(QCh)) )

2

S.6.3. Proofs for Section S.3 of the supplement.

-1
S.6.3.1. Proof of Proposition S.4.1. The distribution (ﬂo (BO 2-%)) (ﬂo)lB s
’ 0,2” 4

the distribution of Rexp(2imV') with R and V independent, V" uniform on |0, 1] and R with
density r — (/2 — l)m with respect to the Lebesgue measure on [0, 2~ ] The cumu-

lative distribution function of R is given by Fg : 7 € [0,271] — (v2 — 1) %= Therefore,
the generalised inverse of its cumulative distribution function is given by F'py T cuel0,1] —

ﬁ. We conclude with the fact that for U uniform on [0, 1], the cumulative distribution

function of F'(U) is Fh.
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